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Recently, much literature has focused on locating all *Z*-eigenvalues of tensors and bounding the *Z*-spectral radius of nonnegative tensors in \[[@CR1], [@CR5]--[@CR10]\]. It is well known that one can use eigenvalue inclusion sets to obtain the lower and upper bounds of the spectral radius of nonnegative tensors; for details, see \[[@CR1], [@CR11]--[@CR14]\]. Therefore, the main aim of this paper is to give a tighter *Z*-eigenvalue inclusion set for tensors, and use it to obtain a sharper upper bound for the *Z*-spectral radius of weakly symmetric nonnegative tensors.

In 2017, Wang *et al.* \[[@CR1]\] established the following Gers̆gorin-type *Z*-eigenvalue inclusion theorem for tensors.

Theorem 1 {#FPar1}
---------

\[[@CR1]\], Theorem 3.1

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{A}=(a_{i_{1}\cdots i_{m}})\in{\mathbb{R}}^{[m,n]}$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sigma(\mathcal{A})\subseteq\mathcal{K}(\mathcal{A})=\bigcup _{i\in {N}}\mathcal{K}_{i}(\mathcal{A}), $$\end{document}$$ *where* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathcal{K}_{i}(\mathcal{A})=\bigl\{ z\in{\mathbb{C}}:|z|\leq R_{i}(\mathcal {A})\bigr\} ,\qquad R_{i}(\mathcal{A})=\sum _{i_{2},\ldots, i_{m}\in N}|a_{ii_{2}\cdots i_{m}}|. $$\end{document}$$

To get a tighter *Z*-eigenvalue inclusion set than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{K}(\mathcal{A})$\end{document}$, Wang *et al.* \[[@CR1]\] gave the following Brauer-type *Z*-eigenvalue localization set for tensors.

Theorem 2 {#FPar2}
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In this paper, we continue this research on the *Z*-eigenvalue localization problem for tensors and its applications. We give a new *Z*-eigenvalue inclusion set for tensors and prove that the new set is tighter than those in Theorem [1](#FPar1){ref-type="sec"} and Theorem [2](#FPar2){ref-type="sec"}. As an application of this set, we obtain a new upper bound for the *Z*-spectral radius of weakly symmetric nonnegative tensors, which is sharper than some existing upper bounds.

Main results {#Sec2}
============

In this section, we give a new *Z*-eigenvalue localization set for tensors, and establish the comparison between this set with those in Theorem [1](#FPar1){ref-type="sec"} and Theorem [2](#FPar2){ref-type="sec"}. For simplification, we denote $$\documentclass[12pt]{minimal}
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-----
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Next, a comparison theorem is given for Theorem [1](#FPar1){ref-type="sec"}, Theorem [2](#FPar2){ref-type="sec"} and Theorem [3](#FPar3){ref-type="sec"}.

Theorem 4 {#FPar5}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{A}=(a_{i_{1}\cdots i_{m}})\in{\mathbb{R}}^{[m,n]}$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \Psi(\mathcal{A})\subseteq\mathcal{L}(\mathcal{A})\subseteq\mathcal {K}( \mathcal{A}). $$\end{document}$$

Proof {#FPar6}
-----
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On the other hand, when ([7](#Equ7){ref-type=""}) holds, we only prove $\documentclass[12pt]{minimal}
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Remark 1 {#FPar7}
--------
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Now, we give an example to show that $\documentclass[12pt]{minimal}
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Example 1 {#FPar8}
---------
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A new upper bound for the *Z*-spectral radius of weakly symmetric nonnegative tensors {#Sec3}
=====================================================================================

As an application of the results in Section [2](#Sec2){ref-type="sec"}, we in this section give a new upper bound for the *Z*-spectral radius of weakly symmetric nonnegative tensors.

Theorem 5 {#FPar9}
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Proof {#FPar10}
-----
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By Theorem [4](#FPar5){ref-type="sec"}, Theorem 4.5 and Corollary 4.1 in \[[@CR1]\], the following comparison theorem can be derived easily.

Theorem 6 {#FPar11}
---------
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                \begin{document} $$\begin{aligned} \varrho(\mathcal{A}) \leq&\max_{i\in N}\min_{j\in N, j\neq i} \Phi _{i,j}(\mathcal{A}) \\ \leq&\max_{i\in N}\min_{j\in N, j\neq i}\frac{1}{2} \bigl\{ R_{i}(\mathcal{A})-a_{ij\cdots j}+\sqrt{ \bigl(R_{i}(\mathcal{A})-a_{ij\cdots j}\bigr)^{2}+4a_{ij\cdots j}R_{j}( \mathcal{A})} \bigr\} \\ \leq&\max_{i\in N}R_{i}(\mathcal{A}). \end{aligned}$$ \end{document}$$

Finally, we show that the upper bound in Theorem [5](#FPar9){ref-type="sec"} is sharper than those in \[[@CR1], [@CR5]--[@CR8], [@CR10]\] by the following example.

Example 2 {#FPar12}
---------
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Conclusions {#Sec4}
===========

In this paper, we present a new *Z*-eigenvalue localization set $\documentclass[12pt]{minimal}
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